We consider the two-dimensional motion of the coupled system of a viscous incompressible fluid and a rigid disc moving with the fluid, in the whole plane. The fluid motion is described by the Navier-Stokes equations and the motion of the rigid body by conservation laws of linear and angular momentum. We show that, assuming that the rigid disc is not allowed to rotate, as the radius of the disc goes to zero, the solution of this system converges, in an appropriate sense, to the solution of the Navier-Stokes equations describing the motion of only fluid in the whole plane. We also prove that the trajectory of the centre of the disc, at the zero limit of its radius, coincides with a fluid particle trajectory.
Introduction
The use of rigid tracers for finding the Lagrangian paths of the fluid flow is based on the assumption that at the zero limit of the rigid body radius, the trajectory of the rigid tracer coincides with a fluid particle trajectory. Studying the validity of this assumption has been the motivation for the problem that we address in this paper. We consider the system of one rigid disc moving with the fluid flow in R 2 , assume the disc does not rotate around its centre, and show the convergence of the trajectory of the centre of the disc to a fluid particle trajectory.
We consider the two-dimensional domain R 2 occupied by an incompressible fluid of density 1 and viscosity ν and a rigid disc of radius r and density ρ, which here we set it equal to the density of the fluid. We assume that the motion of the fluid is modelled by the Navier-Stokes equations with no-slip condition on the boundary of the rigid disc and consider the rigid body motion to be described by the equations of the balance of linear and angular momentum:
U =ḣ(t) + ω(t)(x − h(t)) ⊥ , x ∈ ∂B(t)
Mḧ(t) = −
∂B(t)
Σn dΓ + M ξ,
Jω(t) = −
(x − h(t)) ⊥ · Σn dΓ + Jη,
U (x, 0) = U 0 (x), x ∈ R 2 \ B(0), (6) h(0) = (0, 0),ḣ(0) =ḣ 0 ∈ R 2 , ω(0) = ω 0 ∈ R.
In the above system t ∈ [0, T ], B(t) is the region occupied by the disc at time t, U is the velocity vector of the fluid, P the pressure scalar field, h(t) the position of the centre of the rigid disc at time t, ω its angular velocity and M = ρπr 2 and J = M r 2 /2 are its mass and moment of inertia respectively. The stress tensor Σ is defined as
where (D(U )) k,l = 1 2
The body force applied to the fluid is denoted by F , and M ξ and Jη are the force and torque applied to the disc. The solvability of the above system, and also the equivalent system in a three-dimensional domain, is known. When the domain of the motion is the whole of R 3 , this is shown by Judakov (1974) and Serre (1987) using Galerkin approximations. In the case of a bounded domain, the global existence of at least one weak solution is proved by Hoffmann & Starovoitov (1999) for the two-dimensional case and by Conca, San Martin & Tucsnak (2000) and Gunzburger, Lee & Seregin (2000) for three-dimensional domains under some constraints on collision of the rigid body and the boundary of the domain. The method of Hoffmann & Starovoitov (1999) is based on approximating the rigid body by a very viscous fluid, Conca et al (2000) write the system in a coordinate system attached to the body and use a Galerkin method, and Gunzburger et al (2000) approximate the system by time-discretized problems.
In their 2004 paper, Takahashi and Tucsnak show that the system of a fluid-rigid disc in the whole plane has a unique global strong solution using a contraction mapping approach. This result is shown to be true for the case of a bounded two-dimensional domain as well by Takahashi (2003) . When the motion is in R 3 , the existence of a local unique strong solution is proved by Galdi and Silvestre (2002) .
In the case of the motion of several rigid bodies in a fluid, at least one weak solution is known to exist (Desjardins & Esteban 1999; Desjardins & Esteban 2000; Feireisl 2002; Grandmont & Maday 2000; San Martin, Starovoitov & Tucsnak 2002) . The uniqueness however is not known.
We also note the papers by Robinson (2004) and Iftimie, Lopes Filho & Nussenzveig Lopes (2006) . In Robinson (2004) a simplified model of the motion of a fluid-particle system at the limit of zero radius of particles is studied. The simplification is in considering only momentum exchange between fluid and particle and assuming that the domain of the fluid does not change in time; and it is shown that in the limit the motion of the fluid is described by the standard Navier-Stokes equations. Iftimie et al (2006) consider the two-dimensional asymptotic motion of a fluid outside a small obstacle as the size of the obstacle tends to zero. They prove that the limit flow satisfies the Navier-Stokes equations in the full plane.
Knowing that a unique strong solution of (1)- (7) exists for any r > 0 by the result of Takahashi and Tucsnak (2004) , in this paper we study the limiting behaviour of the solution of (1)- (7) as r → 0. To do this, we do not take into account the torque exerted by the fluid on the particle, i.e. we do not allow the particle to rotate. Of course, one could incorporate this into a model with angular momentum by considering ω 0 = 0 and imposing a torque
⊥ · Σn dΓ so thatω = 0, but this simply has the effect of removing equation (5) from all our calculations. It is of course desirable to study the more general system when the disc can rotate, but with a nonzero ω we have not been able to obtain the required uniform estimates (see Remark 1 in Section 4). In order to prove the convergence of the velocity field as r → 0 one requires uniform bounds on the fluid velocity field for r > 0 that are not provided by the method of Takahashi and Tucsnak. Here, we obtain such uniform bounds over a small enough time interval [0, T ]. We then show that at the zero limit of r, the velocity field satisfies the Navier-Stokes equations in the whole plane. Then using the properties of the strong solutions of the Navier-Stokes equations, we can prove this convergence for all times.
In what follows, in Section 2 we recall the result of Takahashi & Tucsnak (2004) on the existence of strong solutions, and also their functional setting for the problem, which we will follow in this paper. In Section 3 we prove some of the properties of the functional spaces introduced in Section 2. In Section 4 we show that the solution of the above fluid-rigid system is bounded independent of the radius of the rigid disc, in the time interval [0, T ] for a small enough T which is also independent of r. In Section 5 we show that as r → 0, the above fluid rigid system converges to the NavierStokes equations in the whole of R 2 for all times and the trajectory of the centre of the disc converges to a fluid particle trajectory.
Preliminaries
In this section, following Serre (1987) , Conca et al (2000) and Takahashi and Tucsnak (2004) , we write (1)-(7) with respect to a coordinate system moving with the disc centre which results in the equations of motion of the fluid and rigid body in domains which are fixed with respect to time. We will also state and consider the functional setting introduced in Takahashi and Tucsnak (2004) for this problem.
Using the following change of variables
the equations of motion can be written as
with B r = B(0) and Ω r = R 2 \ B r .
We define
and consider the inner product on H r to be
and for any u ∈ D(A r ) define
It can be shown (Takahashi & Tucsnak 2004 ) that A r is self adjoint:
We can extend u ∈ L 2 (Ω r ) to a function in H r , defined on the whole of R 2 , by letting u(y) =ḣ(t) + ωy ⊥ , in B r .
Then using A r and P r defined as above, equations (8)- (14) can be written as
Existence of a strong solution of (8)- (14) is shown by Takahashi & Tucsnak (2004) . We recall their result:
The estimates in the result of Takahashi and Tucsnak (2004) 
But here, to study the solution when r → 0, we need uniform bounds on the velocity field. In Section 4 we show that if ω(t) = 0 for t ≥ 0, one can find such uniform bounds on a time interval [0, T ], with T only depending on the initial velocity field u 0 . But first we prove some of the properties of the orthogonal projection P r which we will need later.
Properties of the orthogonal projection P r
In this section we prove some results characterizing P r , which we will need in the following sections. In the first lemma we identify the orthogonal complement of H r . Then we use it to show that the image of a sufficiently regular and divergence-free function under P r converges in [L 2 (R 2 )] 2 to the function itself as r → 0, which will be key in proving the convergence of the fluid-rigid body system (19) to the Navier-Stokes equations in the whole plane in Section 5. We note that the results of this section are in the general case where ω(t) can be nonzero.
Then H r , G 1 and G 2 are mutually orthogonal and
Proof. The proof is mostly based on the ideas in the proof of Lemma 4 of Conca et al (2000) . Since H r and G 2 are subsets of the set of square integrable divergence-free functions, G 1 is perpendicular to both of them (noting that since we have assumed ρ = 1, the inner product over the above spaces is the standard L 2 -inner product). To show that H r ⊥G 2 , we consider
and v ∈ H r with v(y) = V v + ω v y ⊥ for y ∈ B r where V v ∈ R 2 and ω v ∈ R are constant. We have
Since ∇y is the identity matrix and φ is divergence-free, we can write
2 is divergence-free, the normal components of φ and ∇q 2 on the boundary, by Theorem 1.2 of Temam 1977 , satisfy
for any g ∈ H 1/2 (∂Ω r ). Therefore, with g(y) = y and since ∆q 2 = 0, we have
where i, j = 1, 2, ∂ j = ∂/∂y j and
and by (20), (v, w) = 0. Now we consider an arbitrary u ∈ [L 2 (R 2 )] 2 and show that there exist a unique v ∈ H r , with
where V v ∈ R 2 and ω v ∈ R are constants, and also unique ∇q 1 ∈ G 1 and w ∈ G 2 with w = ∇q 2 in Ω r and w = φ in B r , such that
For q 1 we solve
The above system has a solution
, which is unique up to a constant. Clearly, ∇q 1 ∈ G 1 .
with V v and ω v as in (23). Integrating the above equation over B r and using (22) we can find V v in terms of q 2 :
Now, for q 2 we write
Let
with the seminorm
Consider [q] = {p ∈ D 1,2 : p = q + k for some k ∈ R} and letḊ 1,2 be the the space of all equivalence classes [q] with q ∈ D 1,2 . ThenḊ 1,2 is a Hilbert space (Galdi 1994, Theorem II.5.1) . We now use this fact and the Lax-Milgram theorem to show the existence of a unique (up to a constant) solution to (28). Let R = 1 + r and B R an open ball of radius R and centre (0, 0). For any q ∈ D 1,2 , we have
by the Sobolev trace theorem and the Poincaré inequality. Therefore the left-hand side of (28) is linear and bounded. It is also coercive since setting q 2 = ξ gives an expression bounded below by ∇ξ 2 . The right-hand side of (28) is a linear functional of ξ as well. It is also bounded because u − ∇q 1 is divergence-free and we can write
Therefore by the Lax-Milgram Theorem there exists a unique q 2 ∈Ḋ 1,2 (and thus a unique up to a constant q 2 ∈ D 1,2 ) that solves (28). Having q 1 and q 2 , we can find v| Ωr in terms of u by seting
It remains to uniquely define ω v (of (23)) and φ in terms of u. We let
(noting that Br ∇q 1 · y ⊥ dy = 0), and this then gives a unique φ by (25). We need to verify that w ∈ G 2 and v ∈ H r . We have ∇ · φ = 0 in B r and ∆q 2 = 0 in Ω r . Therefore, for any ψ ∈ C ∞ 0 (R 2 ) since ∇q 2 · n = φ · n, we can write In showing v ∈ H r also, the only condition which is not obvious is ∇ · v = 0 which, having ∇q 2 · n = u · n − V v · n − ∇q 1 · n, can be verified in a similar way to the proof of ∇ · w = 0. ⊓ ⊔ Before proceeding to show an appropriate bound on the L 2 -norm of the difference of a divergence-free H 1 -function and its image under P r , we need to prove the following lemma which shows how the constant of the trace inequality for the domain Ω r depends on r. We note that in this paper we use the result of this lemma only for Ω r , whose boundary is a circle, but the more general statement seems interesting:
Lemma 2. Let E r be an exterior domain with a bounded boundary ∂E r of diameter 2r and having the uniform C 1 -regularity property.
Assume that the radius of curvature of ∂E r at all points is bounded below by c 1 r, with c 1 a constant independent of r, and any x ∈ R 2 \ E r is contained in an open ball of radius c 2 r with c 2 ≤ c 1 lying inside R 2 \ E r .
Then for any positive α < 1 there exists a constant c depending only on
Proof. Since ∂E r is compact, a finite open cover {U j } N j=1 of ∂E r exists. We consider each U j to be a ball of radius c 2 r/2 with its centre on ∂E r and note that since the diameter of E r and the radius of the curvature of ∂E r are appropriately bounded, N is independent of r.
As in Section 5.21 and 5.22 of Adams (1975) we define Ψ j to be the smooth transformation mapping B = {y ∈ R 2 : |y| < 1} onto U j such that U j ∩ ∂E r = Ψ j (B 0 ) with B 0 = {y ∈ B : y 2 = 0}. Then for U j as above and letting x = Ψ (y), since the radius of curvature of ∂E r is bounded below by c 1 r, we have
with c depending on c 1 and c 2 . For each U j ∩ E r , j = 1, . . . , N , there exists an extension operator E j such that for any u ∈ H 1 (E r ),
with K j independent of r (Adams 1975, Theorem 4.32 ). Therefore we can write
In what follows we will also use the Sobolev inequality
where the constant c depends on p, q and the cone C determining the cone property of Ω r (Adams 1975) . Since the cone C for the exterior domain Ω r does not depend on r, the constant c in the above inequality is independent of r.
In the last lemma of this section we show that if the vector field u is divergence-free and regular enough, its projection under P r is arbitrarily close to u in L 2 (R 2 ), if r is sufficiently small. The result of this lemma is essential in showing the convergence of equations (8)- (14) to Navier-Stokes equations.
2 be divergence-free and assume that r < 1. Then for any positive α < 1 there exists a constant c depending on α such that
Proof. By Lemma 1, since u is divergence-free ∇q 1 = 0 and we have
where q 2 satisfies (27). Letting ξ = q 2 in (28), we obtain
Dropping the second term in the left-hand side, we can write
If q 2 solves (27),
is a solution as well and therefore we can assume that the average of q 2 is zero in O r . By continuity there exists a line passing through (0, 0) and dividing O r to two bounded and simply connected domains O 1 r and O 2 r such that the average of q 2 is zero on both of them. Noting that the boundaries of O 1 r and O 2 r have strong local Lipschitz property, there exist two extension operators E 1 and E 2 such that for any u ∈ H 1 (O r ), and i = 1, 2 we have
and Adams 1975, Theorem 4.32) . Therefore by Theorem 4.4.4 of Ziemer (1989) we have
Having this, we go back to (30) and write
Arguing similar to the proof of Lemma 2, we can show that
and therefore
To show the bound on u − P r u L 2 (Br) , we note that
for any y ∈ B r , with V v ∈ R 2 and ω v ∈ R defined as in (26) and (29). Therefore
using Hölder inequality. From (26) and (31) we have
By (29), we can write
and the result follows. ⊓ ⊔
Local uniform bounds on the fluid velocity field
Here under the assumption of zero angular velocity for the disc for t ≥ 0, we obtain uniform in r bounds on the velocity field. To impose this assumption in the model (8)- (14) we set
We show that for some small enough time interval after the initial time, one can bound the solution of (8)- (14) uniformly in r, in some appropriate spaces. We then prove that these uniform bounds result in strong convergence of the solution in an appropriate sense.
To show the uniform bounds, we need the following estimate
with c independent of r. We first prove this estimate.
Lemma 4. Let u be the solution of
with f ∈ L 2 (Ω r ) and the constantḣ ∈ R 2 . Then, there exists c > 0 independent of r andḣ such that
Proof. Let y = x/r and ∇ y and ∆ y the gradient and Laplacian operators in y coordinates. Then
Define Φ(x) =ḣ for any x ∈ R 2 and let v = u − Φ. The vector v satisfies
Now we use an estimate of Galdi (1994, equation V.4.14) :
with c a constant independent of r. The above estimate holds if S, the set of solutions of (36) when f = 0 contains only v ≡ 0. In our case u ∈ L 2 (Ω) and Φ(y) →ḣ as y → ∞. Therefore v → −ḣ = o(log |y|) and by Theorem V.3.5 of Galdi (1994) S = {0}. Hence (37) is valid. We now revert the coordinates to x in (37) and the result follows. ⊓ ⊔ Remark 1. It is for the result of the above lemma that we need to assume that the rotation of the disc is zero. For a nonzero ω where u =ḣ + x ω/|x| on ∂B r , we have not been able to obtain a uniform bound on ∇ 2 u L 2 (Ωr ) .
Now we can show the uniform estimates:
Lemma 5. Let (32) hold and consider (u r , h r ) to be a strong solution of (8)- (14) with u r (0) ∈ H 1 (Ω r ) andḣ r (0) ∈ R 2 . Then, there exist T and C depending on u r (0) , u r (0) H 1 and |ḣ r (0)| but independent of r, such that u r is bounded by C in
Proof. Taking the inner product of du r dt + A r u r + P r β(u r −ḣ r , u r ) = 0 with u r ∈ H r , we obtain
we have
which after intrgration gives the following estimates
for almost every t ∈ [0, T ]. We also note that sincė h r · n = u r (x) · n for almost every x ∈ ∂Ω r we have
with c independent of r. To show this, for any x ∈ ∂Ω r , we consider the line L x tangent to ∂Ω r at x and dividing R 2 to two parts. Using the trace theorem for L x as the boundary of the part that does not contain B r , we can write
which implies the previous inequality. Now we take the inner product of (19) with
for almost every t ∈ [0, T ]. We therefore conclude that
Dropping A r u r 2 L 2 (Ωr ) and integrating, we obtain
Therefore for almost every t ≤ T with
By Theorem 1, and also since by (38), M |ḣ| 2 and J|ω| 2 are uniformly bounded by u r (0) Hr , we conclude that u r is uniformly bounded in L ∞ (0, T ; H 1 (R 2 )). With the above bound, we integrate (40) and obtain a uniform bound on A r u r L 2 (0,T ;L 2 (Ωr )) . This, by Lemma 4 and the uniform bound on u r (t) H 1 (Ω) , implies that
Using (39), we have
Finally sinceu r = −A r u r − P r β(u r −ḣ r , u r ), we have
which gives a uniform bound on u r L 2 (0,T ;L 2 (R 2 )) . ⊓ ⊔ Lemma 6. Let (32) hold and consider (u r , h r ) to be a strong solution of (8)- (14) with u r andḣ r uniformly bounded in
respectively. Then there exists
andḣ ∈ L 4 (0, T ; R 2 ) and a real positive decreasing sequence {r n } n∈N converging to zero, such that, as n → ∞, u rn converges strongly to u in
with C independent of r and s. Therefore for any s > 0, there exists a sequence {u rn } n∈N which converges weakly to u ∈ L 2 (0, T ; H 2 (Ω s )) as n → ∞. Hence, by uniqueness of weak limits u ∈ L 2 (0, T ; H 2 (Ω s )) for any s > 0. Now we note that by Theorem 2.1.4 of Ziemer (1989) a function w ∈ L 2 (Ω) with Ω ⊂ R 2 , is in H 1 (Ω) if and only if w is absolutely continuous on almost all lines in Ω parallel to the coordinate axes, and its partial derivatives belong to L 2 (Ω). Consider a real positive sequence {s n } n∈N converging to zero as n → ∞. Since u ∈ L 2 (0, T ; H 2 (Ω sn )) for any n, Du is absolutely continuous on all lines parallel to coordinates axes in Ω sn and the partial derivatives of all elements of Du are uniformly (in n) bounded in L 2 (Ω sn ). Then, since ∩ ∞ n=1 R 2 \ Ω sn = {(0, 0)}, and noting that the countable intersection of sets of full measure in [0, T ], has full measure in [0, T ] 
s ) for any fixed s > r and therefore there exists a subsequence {u rn } n∈N (with r n < r m if n > m) which converges strongly in L 2 (0, T ; H s ) as n → ∞ (see Robinson 2001 or Temam 1977 for example). Therefore for any ǫ > 0 there exists some N such that for
For any fixed s > 0, let
and
with k ≥ 0 and c k = c k (s) (one can show that c 0 is independent of s but for our purpose here it makes no difference). By Ehrling's lemma for any η > 0 there exists a c η > 0 such that
Let ǫ > 0 and take η = ǫ/c 2 (s). For any n ≥ m, we can write
By (44) for n big enough we have
with C independent of n and s. Hence, for any ǫ > 0 there exists some N 1 depending on ǫ and s such that u − u rn L 2 (0,T ;H 1 (Ωs)) < Cǫ for n > N 1 . Therefore for a fixed s, u − u rn L 2 (0,T ;H 1 (Ωs)) → 0 as n → ∞. It remains to show thatḣ r →ḣ in L 2 (0, T ; R 2 ). For any n > m we have
with α < 1. Since the above inequality is true for any n, we conclude that for n > m > N ,
and obtain the required strong convergence. ⊓ ⊔
The above lemma shows the strong convergence of subsequences of u r and h r . However, after showing that the limit u satisfies the Navier-Stokes equations in the whole plane and therefore is unique, one can show the above strong convergence result for any r rather than only a subsequence {r n }: we argue along the lines of the proof of Lemma 3.1 of Robinson (2004) . We suppose that for some s > 0, u r does not converge to u (strongly) in L 2 (0, T ; H 1 (Ω s )). This means that there exists a subsequence {u rm } and a δ > 0 such that u rm − u L 2 (0,T ;H 1 (Ωs)) > δ.
But u rm , by Lemma 5 is uniformly bounded in
and therefore by Lemma 6, has a subsequence that converges to u strongly in L 2 (0, T ; H 1 (Ω s )), contradicting the above inequality. One can argue similarly and conclude thatḣ r →ḣ in L 2 (0, T ; R 2 ). Therefore, from now on, we consider u r (rather than u rn ) converging strongly to u in L 2 (0, T ; H 1 (Ω s )) for any s > 0, andḣ r (rather thanḣ rn ) converging strongly toḣ in
Corollary 1. Let u r , h r , u and h be as in Lemma 6. Then
Proof. Let 0 < r < s. We can write
using Hölder inequality in the second line. Since u − u r 2 L 2 (0,T ;H 2 (Ωr )) ≤ C with C independent of r, for any ǫ > 0 there exists a δ (independent of r) such that s < δ is small enough to ensure that
Also, by Lemma 6 for r small enough
The result therefore follows. ⊓ ⊔
The equations at the zero limit of the rigid body radius
Now we can prove the main result of this paper:
Theorem 2. Let (32) hold and consider (u r , h r ) to be a solution of (8)- (14) with the initial condition u r (0) ∈ H 1 (R 2 ) satisfying u r (0) =ḣ r (0) for y ∈ ∂Ω r andḣ r (0) ∈ R 2 . Suppose also that there exists
as r → 0 and u r (0) H 1 (Ωr ) ≤ c u 0 H 1 (R 2 ) for any r > 0. Then i) u, the limit of u r at the zero limit of r satisfies the Navier-Stokes equations in the whole plane with initial condition u 0 , ii) the trajectory of the centre of the rigid disc converges to a fluid particle trajectory as r → 0.
Proof. i) We first show the result for t ∈ [0, T ], with T as in (41), and then use the properties of the solution of the Navier-Stokes equations in the whole of R 2 to get the result for any 0 ≤ t < ∞. In what follows
V * is the dual of V , and
We show the weak-* convergence of A r u r to Au in L 2 (0, T, V * ) and then use the fact that u r L 2 (0,T ;H 2 (Ωr)) and u L 2 (0,T ;H 2 (Ωr)) are bounded independent of r, to conclude the required convergence for and v ∈ L 2 (0, T ; H). Let v ∈ L 2 (0, T ; V ) and v r = P r v and write
We have
By characterization of G 2 in Lemma 1, the last term is zero. For the second term in the right-hand side of the above inequality, by Lemma 2 and 3 we can write
for any α < 1, and therefore
For the integrand in the first term of the last line of (47) we can write
Since with 0 < α < 1,
which converges to zero as r tends to zero. We conclude that
For any ǫ > 0, there exists M big enough such that w − v m ≤ ǫ/(2C) for m > M and with C ≥ A r u r − Au L 2 (0,T ;H(Ωr )) . Also by the weak-* convergence we just showed, there exists some r = r(M ) such that
Therefore for any ǫ > 0,
We note that
We first show the weak-* convergence for L 4/3 (0, T ; V * ). Let v ∈ L 4 (0, T ; H 1 ) and v r = P r v as before and write
We therefore conclude the required weak-* convergence. The weak convergence in L 2 (0, T ; H) then follows in a similar way to the previous case, since both P r [β(u r −ḣ r , u r )] and
2 (0, T ; H) by (48), in the zero limit of r, we have
We need to show the limiting velocity field u has initial condition u 0 . Let φ ∈ C 1 (0, T ; H) with φ(T ) = 0. Taking the inner product of the above equation and (19) with φ(t) we obtain
respectively. Comparing these two at the zero limit of r implies that u(0) = u 0 .
, we can perform the following change of coordinates in (49) x(t) = y(t) + h(t).
we can write (49) as
Now, we extend the result to all times:
Taking the inner product of the above equation with AU , using appropriate estimates for the nonlinear term and then integrating, we obtain
Let u r (0) H 1 (Ωr ) = C 1 . By Lemma 5, we have u r (t) H 1 (Ωr) < 2C 1 for
there exists r * small enough such that for some t > T − T * /2 u r * (t) − u(t) H 1 (Ω r * ) < C 1 /2 and therefore u r * (t) H 1 (Ω r * ) ≤ C 1 and by above for t < T + T * /2, u r (t) H 1 (Ωr ) is uniformly bounded. Hence, by the first part of the proof u satisfies (49) for t ∈ [0, T + T * /2]. The same estimate (51) holds for 0 ≤ t < T + T * /2 as well. Therefore the same argument as above gives the result of the theorem for 0 ≤ t < T + T * and continuing in a similar way for 0 ≤ t < T + nT * /2 for any n ∈ N.
ii) To show the convergence of the trajectory of the centre of the tracer, we fix a point y * on ∂Ω r and write |u((0, 0), t) −ḣ(t)| ≤ |u((0, 0), t) − u(y * , t)| + |u(y * , t) −ḣ r (t)| + |ḣ r (t) −ḣ(t)|.
We have |u((0, 0), t) − u(y * , t)| ≤ c r α/2 u H 3/2 (R 2 ) for α < 1 by Lemma 7.26 of Renardy & Rogers (2004) . To find an appropriate bound on the second term in the right-hand side of the above inequality, we note that for any n = y/|y| with y ∈ ∂Ω r we can write |n · (u(y * , t) −ḣ r (t))| = |n · (u(y * , t) − u r (y, t))| ≤ |u(y * , t) − u(y, t)| + |u(y, t) − u r (y, t)| ≤ c r α/2 u H 3/2 (R 2 ) + c u − u r 1/2
H 2 (Ωr ) . Since the above inequality is true for all n as above, we conclude that + c u − u r L 2 (0,T ;H 2 (Ωr )) u − u r L 2 (0,T ;H 1 (Ωr )) + ḣ r −ḣ L 2 (0,T ;R 2 ) .
The right-hand side converges to zero as r → 0 by Lemma 6. Hence
implying that h(t) is the trajectory of the fluid particle initially at (0, 0). Since |h(t) − h r (t)| ≤ h − h r H 1 (0,T ;R 2 ) ,
we conclude that h r (t) → h(t) as r → 0 by Lemma (6) . ⊓ ⊔
We note that there exist u 0 and u r (0) satisfying the assumption of Theorem 2. For instance we can consider u 0 ∈ H 1 (R 2 ) such that u 0 =ḣ for y ∈ B R with R > 0 and someḣ ∈ R 2 , and let u r (0) = u 0 for any r < R.
Conclusion
We studied the limiting motion of a system of a rigid disc moving with a fluid flow in R 2 as the radius of the disc goes to zero. We showed that if the disc is not allowed to rotate, the trajectory of the centre of the disc converges to a fluid particle trajectory.
Two related problems are the motion of the fluid-rigid body in a twodimensional bounded domain, and the case of more than one rigid disc. In the case of a bounded domain, the existence of a global strong solution of a fluid-rigid body system is shown by Takahashi (2003) assuming that the rigid body does not touch the boundary. With the same assumption, it seems that a similar approach as the one presented here (but more technical since the change of coordinates would be more complicated) can give the same convergence result. When there are several rigid bodies moving with the fluid, which is the case in real experiments, it is known that at least one weak solution exists when the radius of rigid bodies are fixed (Desjardins & Esteban 1999; Feireisl 2002; Grandmont & Maday 2000; San Martin et al 2002) , but to our knowledge, the uniqueness of the solution is not known.
The analysis here goes some way towards justifying the use of tracer particles for finding Lagrangian paths of fluid flow, but we have unfortunately had to restrict to the case in which the particles are not allowed to rotate. Obtaining appropriate uniform bounds in the case that the particle can rotate seems more challenging (see Remark 1), and presents a very interesting open problem.
